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ABSTRACT: This paper begins by discussing the nature of the solution space for fatigue optimised 
structures. It then shows that for the design of light weight structure a stress based optimisation used in 
conjunction with a visualisation of the solution space may provide a viable design methodology. The fatigue 
crack growth histories of a range of test specimens and service loaded components are examined and it is 
shown that in all of the cases considered there is, as a first approximation, a linear relationship between the 
logarithm of the crack dimensions (length or depth) and the service history (number of load cycles). The 
experimental data reveal that although the initial growth portion is very important there are cases when it is 
not the whole story. From this it follows that stress optimised shapes may not be optimal from the fatigue 
stand point. 
 
1. INTRODUCTION 
Shape optimization is being increasingly used to design lightweight structural components. It is also 
being used to develop localized shape strategies to restore the operational availability of ageing 
structural components [1]. However, it is important to note that all new aircraft design and 
structural changes made to in-service aircraft require a damage tolerance analysis as outlined in the 
US Joint Services Structural Guidelines JSSG-2006 [2], which states that all safety-of-flight critical 
structures should be designed using a damage tolerance analysis. The purpose of this requirement is 
to ensure that any cracks present in the structure will not cause loss of the structure for some 
predetermined period of in-service operation. Indeed, it is essential that structures should be 
designed such that at no time in its operational life will the residual strength of the structure fall 
beneath limit load. 
 It is commonly thought that one way to increase the fatigue life is to reduce the local peak 
stress by optimising the geometry of the stress concentrator. This approach discounts the effect of 
initial flaws as well as the interaction of the manufacturing process and the NDI tools used to inspect 
the structure.  Furthermore, recent studies [3, 4] have shown that allowing for the presence of initial 
flaws can produce different optimal shapes.  
 In general the precise shape of local structural details have evolved over time and have been 
shown to be acceptable by their in-service performance. This paper presents the generic shape of the 
fatigue life versus weight curve, one feature of which is that if the initial shape of the local 
structural detail has an acceptable fatigue life then there will exist at least one other shape with a 
lighter weight that has the same (acceptable) fatigue performance. Furthermore, this shape will not 
coincide with either the stress optimised, or the fatigue optimised shape and will be lighter than 
either of these shapes. With this in mind it would appear that cluster based computers offer one 
attractive methodology for determining this (lighter) shape. Since both the fatigue and the stress 
optimised shapes will often have a superior fatigue life to that of the initial shape they will be 
closer, in weight, to this improved (lighter weight) solution. They are therefore a good starting point 
for finding this solution. With these shapes as starting points it is possible to examine a large 
number of potential variants with each one being analysed on a different processor. The solution 
space can then be examined and a lighter shape with a similar, or improved, fatigue performance 
obtained by plotting the fatigue life, for each case, against the weight. 
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 To use this approach to design light weight structural components it is important that we 
accurately compute the crack growth history of the component being optimised.  To this end we 
review crack growth data to reveal the importance of the critical crack size for final fracture on the 
fatigue life. In this context it should be noted that in Section 5.3 the USAF Damage Tolerant Design 
Handbook [8] states that at low ∆K’s current crack growth software, i.e. FASTRAN II, are 
frequently inconsistent with measured growth rates. To overcome this will require an improvement 
in modelling the growth of cracks with low ∆K’s.  In the interim an initial stress based optimisation 
followed by an evaluation of solution space to find the lightest weight shape with an acceptable 
fatigue life plus a check that the critical crack lengths have not been reduced may provide a viable 
solution methodology.  
 
2.  FATIGUE OPTIMISED STRUCTURES 
 In many cases the shape of local structural details have evolved over time and are shown to 
be acceptable by their in-service performance. In general these shapes have not been optimised and 
as shown by Heller et al. [1] reworking these local details, and therefore reducing the weight, can 
significantly reduce the stress and by implication increase the fatigue life, see Figure 1. It has also 
been shown that structures optimised for static (fracture) strength or fatigue performance can in fact 
be lighter than those optimised for stress [3, 4], i.e. designed to lower the stress field around the 
perimeter of the stress raiser.   
 
  
 
Figure 1 Initial F111 mousehole and stress optimised shape, from Heller et al. [1]. 
 
 As mentioned above stress optimised shapes may not be optimal from the fatigue stand 
point. Indeed, the continued removal of material will eventually increase the local stresses and also 
reduce the fatigue performance of the structure. From this it follows that that the generic shape of 
the fatigue life versus weight curve is as shown in Figure 2, although there may sometimes be 
multiple local maxima. ( In general the stress optimised shape may be either lighter or heavier than 
the fatigue optimised shape depending on the particular problem under consideration and the nature 
of the initial flaws.) One feature of this curve is that (by definition) stress optimised shapes possess 
a reduced stress field around the local detail being optimised. This in turn suggests an improved 
fatigue life, this point will be discussed in more detail in Section 2. It is thus clear that if the initial 
shape of the local structural detail had an acceptable fatigue life then there will exist at least one 
other shape with a lighter weight that has the same (acceptable) fatigue performance. Furthermore, 
this shape may not coincide with either the stress optimised, or the fatigue optimised shape and will 
be lighter than either of these shapes.  
SIF2004 Structural Integrity and Fracture. http://eprint.uq.edu.au/archive/00000836 
 
 
 The question thus arises: How can we determine these (lighter) shapes? Cluster based 
computers offer one attractive solution. In general both the fatigue and the stress optimised shapes 
will have a superior fatigue life to that of the initial shape and they will be closer, in weight, to this 
improved (lighter weight) solution. They therefore represent a good starting point for finding this 
solution.  With these shapes as starting points we can use clustered computers to examine a large 
number of potential variants with each one being analysed on a different processor. In this fashion 
although the total CPU time may be quite large the elapsed time can be low. The solution space can 
then be examined and a lighter shape with a similar, or improved, fatigue performance can be 
obtained by plotting the fatigue life, for each case, against the weight as shown in Figure 2. 
 
 
 To illustrate this concept consider a centrally located hole in a large plate under biaxial 
loading, see Figure 3. The applied load is such that σxx = σ, and  σyy = 2σ and the initial design is a 
circular hole. For this initial design the peak stress at the (circular) hole is 5σ and occurs at point A, 
see Figure 3. The stress optimised solution is a 2:1 ellipse. This has a constant stress state of 3σ 
around the circumference of the (2:1 ) ellipse. However, the 3:1 ellipse also has a peak stress of 5σ. 
In this case the peak stress occurs at point B in Figure 3.  Although the peak stresses for the circular 
hole and the 3:1 ellipse are the same a crack growing from the circular hole at point A would see a 
remote stress, perpendicular to the crack, at point C of 2σ. In contrast a crack growing from the 3:1 
ellipse at point B would see a remote stress, perpendicular to the crack, at point D of σ. As such it is 
possible that the fatigue life of the 3:1 ellipse would be at least as good as that for the initial circular 
hole. Furthermore, the critical crack length for a crack emanating at point B would be greater than 
that associated with a crack emanating from the initial circular hole design at point A. Thus if the 
fatigue performance of the circular hole was acceptable the 3:1 elliptical shape would be lighter 
than both the initial circular and the stress optimised hole, see Figure 3, and would also have an 
acceptable fatigue life. As such it would be a preferred design. 
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Figure 2. Schematic representation of the fatigue life vs. weight relationship 
Acceptable fatigue 
life 
SIF2004 Structural Integrity and Fracture. http://eprint.uq.edu.au/archive/00000836 
 
 
 
 
Figure 3. Schematic diagram of a hole in a plate under bi-axial loading 
 
2. FATIGUE OPTIMISED STRUCTURES 
Let us next examine the hypothesis that: “For small initial flaws, as per JSSG-2006 [2], stress 
optimised structures are also fatigue optimal”. In this context it should be noted that Berens, Hovey, 
and Skinn [5] found that the crack growth history as seen in various USAF and US Navy aircraft 
fatigue tests follows the Frost Dugdale law [6], i.e. that crack growth could be described via a simple 
log linear relationship, viz: 
 
     ln(a) = βN   + ln( a0 )                  (1) 
 
where N is the “fatigue life”,  β is a parameter that is geometry and load dependent, and a0 is the 
initial flaw-like size. For constant amplitude loading Frost and Dugdale [6] found that β could be 
expressed as:  
 
      β =  λ (∆σ)3     (2) 
  
where λ is a parameter that is only geometry dependent.  This conclusion was also reached by 
Goldsmith and co-workers [9-11] when studying crack growth in Mirage II aircraft. In this context 
Anderson and Goldsmith [10] presented a crack growth prediction using a Paris growth together 
with a look-up table of da/dn data and cycle-by-cycle addition, with no retardation or closure 
allowances. The two curves are presented in Figure 4.  As can be seen the measured growth rates are 
better described by an exponential law than by a Paris law. 
 The ability of an exponential law to represent crack growth in service aircraft was further 
substantiated by the work of Barter, Sharp and  Clark [12] and by Clark, Jost and Young [13] who 
studied cracking in RAAF Macchi aircraft.  Clark et al. specifically stated that this law “will be 
used more widely and more confidently in any similar applications in future”.  Indeed, this present 
work was strongly influenced by the statement in reference 13 on the “value in the further 
development and application of this approach”. 
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Figure 4 Crack growth in Mirage 1110 full-scale fatigue test wing, from [10]. 
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Figure 5 Crack growth data for A-7D wing [8, 14]. 
 
 The same conclusion follows from the crack growth data for the A-7D wing fatigue test 
program (from Figure 3.2.4 in [8]) presented in Figure 5. Here it is seen that the data again conforms 
with the log linear growth law proposed by Frost and Dugdale [6]. A more comprehensive review of 
the applicability of the Frost-Dugdale law to represent crack growth is given in [14]. 
 It is thus clear that for structures subjected to complex operational load spectra the fatigue 
life can often be represented by equation (1). Let us denote af as the critical crack size, a0 as the 
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initial flaw size, which in accordance with [2] is commonly taken to be 0.05” (1.27 mm), and Nf is 
the the number of cylces to failure. If the critical crack size is greater than (say) 10 mm (see Figures 
4, 5), then 
 
βNf   =  ln(af) - ln( a0 ) =  ln(10) – ln(1.27) = 2.06 (3) 
 
This example shows that the final crack size phs an importance comparable to that of the 
initial crack size. This in turn means that the stresses along the crack path, which together with the 
geometry and the fracture toughness determine the critical crack length, are (essentially) as 
important as the peak stress at the location of the initial flaw. In a damage tolerant design the initial 
flaw size a0 is fixed, at value of say 1.27 mm. In this case the service life as per equation (3) is a 
function of the critical crack length af . In the next section we will address the effect of the critical 
crack length af on service life and the relative importance of  af and a0. We thus see that it is not just 
the local detail stress that is important. The critical crack length af also plays a central role in 
determining the fatigue life of the structure. Indeed, there may be instances when minimising this 
localised stress can change the local load paths and the stress along the crack path such that the 
critical crack size is reduced. This would have the effect of shortening the computed fatigue life, i.e. 
in this instance minimising the peak stress could be detrimental to the fatigue performance of the 
aircraft, since in this instance the initial crack size a0 would, in accordance with the damage tolerant 
design philosophy, be fixed. 
 In a damage tolerant design it is mandatory to assume that initial flaws exist at all points in 
the structure [2, 8]. The (damage tolerant) design must be such that for the specified period of 
service usage the residual strength of the structure in the presence of these flaws, which are assumed 
to grow, will remain greater than limit load, i.e. the maximum operational load. The basic tenet of 
this design philosophy is the assumption that the structure contains flaws of a size just smaller than 
the maximum undetectable flaw size that can be found with the NDI procedures used on the 
production line, or at the base. If we consider as per JSG 2006 [2] an initial flaw size of 0.05 inch, or 
1.27 mm, then we find that: 
a) the life from 1.27 mm to 10 mm is proportional to [ln(10)-ln(1.27)] = 2.06; 
b) the life from 1.27 mm to 2.54 mm is proportional to [ln(2.54) - ln(1.27)] = 0.69; 
c) the life from 2.54 mm to 10 mm is proportional to [ln(10) - ln(2.54)] = 1.37. 
We thus see that the fraction of life spent growing from a 1.27 mm defect to 2.54 mm is 
0.69/2.06, or 34 % of the total life. If the critical crack size is larger than 10 mm, the assumed critical 
crack size (see Section 2.1), this the relative percentage decreases.  This is also true if initial flaw 
size is increased.  
 To ensure compliance with JSG2006 any optimisation study must allow for an initial flaw 
size around the boundary being optimised. The experimental data has shown that crack growth is 
often in accordance with the Frost-Dugdale law [6, 14]. This means that, although the initial growth 
portion is very important it is not the whole story. For example assuming a critical crack size of 
10 mm means that the life taken up in growing from a 2.54 mm flaw to failure, i.e. to the critical 
crack length of 10 mm, is a significant (66%) fraction of the total life. (This percentage of the life is 
consistent with the experimental crack growth data presented in Figures 4 and 5.)  
To validate this finding let us consider cracking at a hole in a simulated F4 wing test 
program, at 207 MPa presented in Figure 9.2.1a in [8]. The crack growth data presented stops at ~ 
6.8 mm and gives the life from 1.27 mm to 2.54 mm to be ~ 43% of the life from 1.27 mm to 6.8 
mm.  Crack growth in an F/A-18 full scale fatigue test undertaken at DSTO yields a similar result. 
Here a series of fatigue cracks initiated in the web taper radius between the web and web taper at 
about the Z100 and X21 position on the RHS of the Y453 bulkhead. The crack growth data for two 
cracks are presented in Figure 6. In this case for the crack in the bulkhead the life from 1.16 mm to 
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2.35 mm was approximately 38% of the total life from 1.16 to 6.7 mm, whilst for a web crack the 
life from 1.19 mm to 2.84 mm was approximately 38% of the life from 1.19 mm to 9 mm. These 
percentages are also consistent with the crack growth data presented in Figures 4 and 5. This means 
that although it is important the initial period of crack growth that is dominated by the local stress 
field is not the entire story. Consequently the hypothesis that: “For small initial flaws, as per JSSG-
2006 [2], stress optimised structures are also fatigue optimal” that is founded on the supposition that 
the fatigue life is dominated by this initial growth regime, which is in turn governed by the local 
stress field, does not follow, i.e. that there will be instances when it may not be true.  Thus if we 
were designing a fatigue optimised structure it would be important not only to reduce the peak 
stress, but also to ensure that the critical crack lengths associated with cracks at the critical design 
feature were not reduced. 
 When optimising a rework shape it may not always be possible to increase the critical crack 
lengths for cracks associated with the rework geometry. In this case the rework should improve the 
local stress field. However, it is also important that it does not change the stress field around the 
reworked feature such that the critical crack lengths are reduced, i.e. the stress field around the 
feature should not be increased. This does not mean that stress based optimisation is inappropriate. 
However, an initial stress based optimisation should be followed by a check that the fatigue 
performance has been improved. 
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Figure 6. Crack growth in F/A-18 full scale fatigue test 
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4. CONCLUSION 
This study has shown that if the initial shape of a local structural detail has an acceptable fatigue life 
then there will generally exist at least one other shape with a lighter weight that has the same 
(acceptable) fatigue performance. Furthermore, this shape will not coincide with either the stress 
optimised, or the fatigue optimised shape and will be lighter than either of these shapes. This 
suggests that a stress based optimisation in conjunction with a visualisation of the solution space 
may provide a viable design methodology.  
 
 We have also seen that, as postulated by Frost et al. [6],  Clark et al. [13], and Barter et al. 
[14], there is often (as a first approximation) a linear relationship between the log of the crack 
length, or depth, and the service history (number of load cycles). Thus when optimising for fatigue 
performance although the initial growth portion is very important it is not the whole story. This 
finding is supported by the crack growth data presented in Figures 4 and 5. Thus when designing a 
fatigue  optimised structure it is essential not only to reduce the peak stress but also to ensure that 
the critical crack lengths associated with cracks at the critical design feature are not reduced. 
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